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Abstract 

In this paper we explicitly compute mod-£ Galois representations associated 
to modular forms. To be precise, we look at cases with £ < 23 and the mod- 
ular forms considered will be cusp forms of level 1 and weight up to 22. We 
present the result in terms of polynomials associated to the projectivised rep- 
resentations. As an application, we will improve a known result on Lehmer's 
non-vanishing conjecture for Ramanujan's tau function. 



1 Introduction 

The Ramanujan tau function is the function r : Z>o ^ defined by 

n>l n>l 

If we write q = exp(27riz) for z in the complex upper half plane then A (2;) is a 
holomorphic cusp form of level 1 and weight 12. We have the relations 

r(mn) = T{m)T{n) if gcd(m, n) = 1, 

^(^pr+i^^ _ ^^p\^^i^pr^ _ pU^^pr-i-^ for p prime and r > 1 . 

These relations determine r{n) in terms of r(p) for p prime. 



For i G {2, 3, 5, 7, 23, 691} there exist simple formulas for r (p) mod i, or in some 
cases even modulo certain powers of i; for instance r(p) = p^^ + mod 5^ for 
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primes p 7^ 5 and t{p) = 1 + p^^ mod 691 for all primes p. In general, there is 
a Galois representation p = '■ Gal(Q/Q) —>■ GL2(F£) unramified outside i 
such that for any Frobenius element Frobp G Gal(Q/Q) attached to a prime p ^ i 
the characteristic polynomial of p(Frobp) is congruent to X"^ — t{p)X + p^^ mod- 
ulo £. The simple congruences for special values of ^ are due to the fact that the 
image of p does not contain SL2(F£) in those cases; such a representation is called 
exceptional and is in many cases easy to compute. 

Besides the modular form A of weight 12 we will also consider the unique nor- 
malised cusp forms of level 1 and weights 16, 18, 20 and 22 in this paper. To fix 
a notation, for any k G Z satisfying dim 5'fc(r(l)) = 1 we will denote the unique 
normalised cusp form in S'fc(r(l)) by A^. We will denote the coefficients of the 
g-expansion of A^ by Tk{n): 

n>l 

From dimS'fc(r(l)) = 1 it follows that the numbers Tk{n) are integers. For ev- 
ery Afc and every prime ^ there is a representation p/\^i : Gal(Q/Q) GL2{^i) 
such that for every prime p 7^ £ we have that the characteristic polynomial of 
PAfc/(Frobp) is congruent to — Tk{p)X + p^~^ mod£. For a summary on the 
exceptional representations PAj./ and the corresponding congruences for Tk{n), 
see [Ha. 

In this paper we shall present polynomials that belong to the projectivisations of 
the non-exceptional Galois representations belonging to rational level one forms 
modulo primes up to 23. Finding these polynomials is a matter of experimental 
computation, but the known cases of Serre's conjecture permit us to verify the cor- 
rectness. As a by-product we will verify Lehmer's conjecture of the non- vanishing 
of T{n) (see [10, p. 429]) to a higher bound than what was done before. 

1.1 Notational conventions 

Throughout this paper, for every field K we will fix an algebraic closure K and 
all algebraic extension fields of K will be regarded as subfields of K. Further- 
more, for each prime number p we will fix an embedding Q > Qp and hence an 
embedding Gal(Qp/Qp) Gal(Q/Q), whose image we call Dp. We will use Jp 
to denote the inertia subgroup of Gal(Qp/Qp). 
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All representations (either linear or projective) in this paper will be continuous. 
For any field K, a linear representation p : G ^ GLn{K) defines a projective 
representation p : G ^ PGL„(_ft') via the canonical map GL„(i^') — > PGL„(/('). 
We say that a projective representation p : G ^ PGL„(_ft') is irreducible if the 
induced action of G on P"^~^(i^) fixes no proper subspace. So for n = 2 this 
means that every point of {K) has its stabiliser subgroup not equal to G. 

1.2 Statement of results 

Proposition 1. For every pair [k, i) occurring in Table \T\ on page [77] let the 
polynomial Pk/ be defined as in that same table. Then the splitting field of each 
Pk/ is the fixed field of Kei^pAk/) and has Galois group PGL2(F£). Furthermore, 
if a & Qis a root of Pk/ then the subgroup of Ga\{Q/Q) fixing a corresponds via 
PAk,e to a subgroup o/PGL2(F£) fixing a point ofF^(¥e). 

For completeness we also included the pairs (k, £) for which pk^e is isomorphic to 
the action of Gal(Q/Q) on the f-torsion of an elliptic curve. These are the pairs in 
Table[T]with i = k — 1, as there the representation is the £-torsion of Jo{i), which 
happens to be an elliptic curve for £g {11, 17, 19}. A simple calculation with di- 
vision polynomials flU Chapter II] can be used to treat these cases. In the general 
case, one has to work in the more complicated Jacobian variety Ji{i), which has 
dimension 12 for £ = 23 for instance. 

We can apply Proposition[T]to verify the following result. 
Corollary 1. The non-vanishing ofT{n) holds for all 

n < 22798241520242687999 ^ 2 ■ 10^^ 
The non- vanishing of r(n) was verified for all n < 22689242781695999 ^ 2-10^^ 

inna. 

To compute the polynomials, the author used a weakened version of algorithms 
described in [4, Sections 11 & 24]. The used algorithms do not give a proven 
output, so we have to concentrate on the verification. We will show how to verify 
the correctness of the polynomials in Section [3] after setting up some preliminaries 
about Galois representations in Section |2] In Section |4] we will point out how to 
use Proposition [T] in a calculation that verifies Corollary \T\ All the calculations 
were perfomed using MAGMA (see yj). 
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2 Galois representations 



This section will be used to state some results on Galois representations that we 
will need in the proof of Proposition [U 

2.1 Liftings of projective representations 

Let G be a topological group, let K he a field and let p : G — > PGL„(_ft') be 
a projective representation. Let L be an extension field of K. By a lifting of p 
over L we shall mean a representation p : G ^ GL„(L) that makes the following 
diagram commute: 

G '-^FGLniK) 

p 

GL„(L) »PGL„(L) 

where the maps on the bottom and the right are the canonical ones. If the field L 
is not specified then by a lifting of p we shall mean a lifting over K. 

An important theorem of Tate arises in the context of liftings. For the proof we 
refer to [12, Section 6]. Note that in the reference representations over C are 
considered, but the proof works for representations over arbitrary algebraically 
closed fields. 

Theorem 1 (Tate). Let K be afield and let p : Gal(Q/Q) ^ PGL„(ir) be a 
projective representation. For each prime number p, let p'^ : Dp —>■ GLn{K) be 
a lifting of plop- Assume that all but finitely many of the p'^ are unramified. Then 
there is a unique lifting p : Gal(Q/Q) GL„(K) such that for all primes p we 
have 

P\ip = P'plip- 

Lemma 1. Let p be a prime number and let K be a field. Suppose that we are 
given an unramified projective representation pp : Gal(Qp/Qp) PGL„(_ft'). 
Then there exists a lifting pp : Gal(Qp/Qp) GLn{K) of Pp that is unramified 
as well. 

Proof. An unramified homomorphism from Gal(Qp/Qp) to any group factors 
through Gal(Fp/Fp) = Z and is determined by the image of Frobp G Gal(Fp/Fp). 
This image is an element of PGL„(_ft') of finite order, say of order m. If we take 
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any lift F of p(Frobp) to GLn{K) then we have F"^ = a for some a e K*. So 
F' := a~^F, where a G K is any m-th root of a, has order m in GLn{K). Hence 
the homomorphism Gal(Qp/Qp) GLn{K) obtained by the composition 

Gal(Qp/Qp) Gal(Fp/Fp) ^ Z Z/mZ GL„(Z) 
lifts p and is continuous as well as unramified. □ 

2.2 Serre invariants and Serre's conjecture 

Let £ be a prime. A Galois representation p : Gal(Q/Q) GL2(F£) has a level 
N{p) and a weight k{p). The definitions were introduced by Serre (see lfT4l Sec- 
tions 1.2 & 2]). Later on, Edixhoven found an improved definition for the weight, 
which is the one we will use, see [3, Section 4]. The level N{p) is defined as 
the prime-to-£ part of the Artin conductor of p and equals 1 if p is unramified out- 
side i. The weight is defined in terms of the local representation p 1 ; its definition 
is rather lenghty so we will not write it out here. When we need results about the 
weight we will just state them. Let us for now mention that one can consider the 
weights of the twists p ® x of a representation p : Gal(Q/Q) GL2(Ff) by a 
character X : Gal(Q/Q) ^ F^. If one chooses x so that k{p®x) is minimal, then 
we always have I < k{p ® x) ^ ^ + ^ and we can in fact choose our x to be a 
power of the mod (. cyclotomic character. 

Serre conjectured fT?', Conjecture 3.2.4] that if p is irreducible and odd, then p 
belongs to a modular form of level N{p) and weight k{p). Oddness here means 
that the image of a complex conjugation has determinant -L A proof of this 
conjecture in the case N{p) = 1 has been published by Khare and Wintenberger: 

Theorem 2 (Khare & Wintenberger, [8, Theorem 1.1]). Let i be a prime number 
and let p : Gal(Q/Q) GL2(F£) be an odd irreducible representation of level 
N{p) = 1. Then there exists a modular form f of level 1 and weight k{p) which 
is a normalised eigenform and a prime A | i of Kf such that p and pf^\ become 
isomorphic after a suitable embedding of¥\ into Fg. 

2.3 Weights and discriminants 

If a representation p : Gal(Q/Q) GL2{¥i) is wildly ramified at i it is possible 
to relate the weight to discriminants of certain number fields. In this subsection 
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we will present a theorem of Moon and Taguchi on this matter and derive some 
results from it that are of use to us. 

Theorem 3 (Moon & Taguchi, IfTTl Theorem 3]). Consider a wildly ramified rep- 
resentation p : GaA^Q^/Qi) GL2(F^). Let a E Z be such that k{p (8> xZ") 
is minimal where Xi '■ Gal(Q^/Q£) F| is the mod £ cyclotomic character Put 
k = k{p ® Xi"")' P^^ d = gcd(a, A; — 1, £ — 1) and define m E Z by letting £™ be 

— Ker{p) 

the wild ramification degree of K := over Q^. Then we have 

{1 -I- — ^-1+'^ jfO < h < P 
2 I 1 2 if~k-i+i 

^ ^ {e-i)e y ft. — t -t- 1, 

where Vk/Qi denotes the different of K over Qi and vi is normalised by vi{i) = 1. 

We can simplify this formula to one which is useful in our case: 

Corollary 2. Let p : Gal(Q/Q) PGL2(F£) be an irreducible projective repre- 
sentation that is wildly ramified at £. Take a point in P^(F£), let H C PGL2(F^) 
be its stabiliser subgroup and let K be the number field defined as 

Then the i-primary part of Disc{K/Q) is related to the minimal weight k of the 
liftings ofp by the following formula: 

f^(Disc(ir/Q)) = k + i-2. 

Proof. Let p be a lifting of p of minimal weight. Since p is wildly ramified, after 
a suitable conjugation in GL2(F£) we may assume 

where xe ■ h ^ F| denotes the mod i cyclotomic character; this follows from 
the definition of weight. The canonical map GL2(F£) PGL2(F£) is injective 
on the subgroup ( * * ) , so the subfields of cut out by p and p are equal, call 
them K2- Also, let Ki C K2 be the fixed field of the diagonal matrices in Imp |/^. 
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We see from ([T]) that in the notation of Theorem [3] we can put a = 0, m = 1 and 
d = gcd(£ — 1, /c — 1). So we have the following diagram of field extensions: 




The extension K2/K1 is tamely ramified of degree {£ — l)/(i hence we have 

_ {i-i)/d-i _e-i-d 

Consulting Theorem [3] for the case 2 < k < i now yields 



k-1 k-l+d 



1 + 



d k + 



1 



and also in the case A; = £ + 1 we get 



2 + 



- 2 



k + ^-2 



{(.-ly 



7rirKer(p) 



Let L be the number field Q . From the irreducibility of p and the fact that 
Imp has an element of order i it follows that the induced action of Gal(Q/Q) 
on P^(F^) is transitive and hence that L is the normal closure of K in Q. This 
in particular implies that K/Q is wildly ramified. Now from [K : Q] = i + 1 it 
follows that there are two primes in K above t. one is unramified and the other 
has inertia degree 1 and ramification degree L From the considerations above it 
now follows that any ramification subgroup of Gal(L/Q) at i is isomorphic to 
a subgroup of ;) C GL2(F^) of order {i - l)£/d with d \ i - 1. The only 
subgroup of index i is the subgroup of diagonal matrices. Hence we have 

ve{Disc{K/Q)) = t;,(Disc(Ki/Q7)) = i ■ v,{VK,/Qr) = k + i - 2. 



□ 
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Corollary 3. Let p : Gal(Q/Q) PGL2(F£) be an irreducible projective repre- 
sentation and let p be a lifting of p of minimal weight. Let K be the number field 
belonging to a point o/P^(F^), as in Corollary^ Ifk>3is such that 

vi{Disc{K/Q)) = k + i-2 

holds, then we have k{p) = k. 

Proof From ve(Disc{K/Q)) = k + £- 2>i+lit follows that p is wildly 
ramified at i so we can apply Corollary [2l □ 



3 Proof of Proposition U 

To prove Proposition [U we need to do several verifications. We will derive repre- 
sentations from the polynomials Pk/ and verify that they satisfy the conditions of 
Theorem |2l Then we know there are modular forms attached to them that have 
the right level and weight and uniqueness follows then easily. 

First we we will verify that the polynomials P^^e from Table[T]have the right Galois 
group. The algorithm described in [5, Algorithm 6.1] can be used perfectly to do 
this verification; proving Ai+i <t Gal(PA:,^) is the most time-consuming part of 
the calculation here. It turns out that in all cases we have 

Gal(P,,,) ^PGL2(F,). (2) 

That the action of Gal{Pk/) on the roots of Pk/ is compatible with the action of 
PGL2(F^) follows from the following well-known lemma: 

Lemma 2. Let i be a prime and let G be a subgroup o/PGL2(F£) of index i + 1. 
Then G is the stabiliser subgroup of a point in ¥^{¥i). In particular any transi- 
tive permutation representation o/PGL2(F^) of degree I + lis isomorphic to the 
standard action on ¥^{¥(). 

Proof. This follows from [fT6l Proof of Theorem 6.25]. □ 

So now we have shown that the second assertion in Proposition[i|follows from the 
first one. 
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Next we will verify that we can obtain representations from this that have the right 
Serre invariants. Let us first note that the group PGL2(F^) has no outer automor- 
phisms. This implies that for every Pk/, two isomorphisms ^ define isomorphic 
representations Gal(Q/Q) PGL2(F£) via composition with the canonical map 
Gal(Q/Q) Gal(Pfc/)- In other words, every Pk/ gives a projective representa- 
tion p : Gal(Q/Q) PGL2(F^) that is well-defined up to isomorphism. 

Now, for each {k,i) in Table [H the polynomial Pk/ is irreducible and hence de- 
fines a number field 

Kk,i := Q[x]/iPk,i), 

whose ring of integers we will denote by O^/- It is possible to compute Ok/ 
using the algorithm from [2, Section 6] (see also [jH Theorems 1.1 & 1.4]), since 
we know what kind of ramification behaviour to expect. In all cases it turns out 
that we have 

Disc(K,,,/Q) = 

We see that for each (k, i) the representation p^^ is unramified outside i. From 
Lemma \T\ it follows that locally outside i every p^^ has an unramified lifting. 
Above we saw that via pk/ the action of Gal(Q/Q) on the set of roots of Pk,e is 
compatible with the action of PGL2(F^) on P^(F£), hence we can apply Corol- 
lary [3] to show that the minimal weight of a lifting of pk/ equals k. Theorem [T] 
now shows that every pk/ has a lifting pk/ that has level 1 and weight k. From 
Im pk/ = PGL2(Ff) it follows that each pk/ is absolutely irreducible. 

To apply Theorem|2]we should still verify that pk/ is odd. Let (k, £) be given and 
suppose pk/ is even. Then a complex conjugation Gal(Q/Q) is sent to a matrix 
M G GL2(F^) of determinant 1 and of order 2. Because i is odd, this means 
M = ±1 so the image of M in PGL2(F^) is the identity. It follows now that K^/ 
is totally real. One could arrive at a contradiction by approximating the roots of 
Pk/ to a high precision, but to get a proof one should use only symbolic calcula- 
tions. The fields Kk/ with i = 3 mod 4 have negative discriminant hence cannot 
be totally real. Now suppose that a polynomial P{x) = + a„_ix"~^ + ■ — h ao 
has only real roots. Then a^_]^ — 2a„_2» being the sum of the squares of the roots, 
is non-negative and for a similar reason of — 2aoa2 is non-negative as well. One 
can verify immediately that each of the polynomials P^^ with i = 1 mod 4 fails at 
least one of these two criteria, hence none of the fields K^/ involved in this paper 
is totally real. This proves the oddness of the representations p^/. Of course, this 
can also be checked with more general methods, like considering the trace pairing 
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on Kk^g or invoking Sturm's theorem [j6i Theorem 5.4]. 

So now that we have verified all the conditions of Theorem [2] we remark as a final 
step that all spaces of modular forms 5'fc(r(l)) involved here are 1 -dimensional. 
So the modularity of each pk/ implies immediately the isomorphism pk/ = Pa^./, 
hence also pk/ = Pa^/ ' which completes the proof of Proposition [TJ 



If r vanishes somewhere, then the smallest positive integer n for which r(n) is 
zero is a prime (see [10, Theorem 2]). Using results on the exceptional represen- 
tations for t{p), Serre pointed out |[T3l Section 3.3] that if p is a prime number 
with r(p) =0 then p can be written as 



In fact p is of this form if and only if r(p) = mod 23 ■ 49 ■ M holds. Know- 
ing this, we will do a computer search on these primes p and verify whether 
t(p) = mod£ for i E {11, 13, 17, 19}. To do this we need the following lemma. 

Lemma 3. Let K be a field of characteristic not equal to 2. Then the following 
conditions on M E GL2{K) are equivalent: 

(1) tiM = 0. 

(2) For the action of M on F^{K), there are or 2 orbits of length 1 and all 
other orbits have length 2. 

(3) The action ofM on F^{K) has an orbit of length 2. 

Proof. We begin with verifying (1) =^ (2). Suppose tr M = 0. Matrices of trace 
in GL2{K) have distinct eigenvalues in K because of char(fC) ^ 2. It follows 
that two such matrices are conjugate if and only if their characteristic polynomi- 
als coincide. Hence M and M' := I) are conjugate so without loss of 
generality we assume M = M' . Since is a scalar matrix, all the orbits of M 



4 Proof of Corollary U 



p = hM -1 



with 
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on F^{K) have length 1 or 2. If there are at least 3 orbits of length 1 then K'^ 
itself is an eigenspace of M hence M is scalar, which is not the case. If there is 
exactly one orbit of length 1 then M has a non-scalar Jordan block in its Jordan 
decomposition, which contradicts the fact that the eigenvalues are distinct. 

The implication (2) =^ (3) is trivial so that leaves proving (3) ^ (1). Suppose that 
M has an orbit of order 2 in F^(K). After a suitable conjugation, we may assume 
that this orbit is {[(J)], [(°)]}. But this means that M ~ (° q) for certain a,h e K 
hencetrM = 0. □ 

In view of this lemma it follows from Proposition [T] that for ^ e {11, 13, 17, 19} 
and p 7^ £ we have that t{p) = mod i if and only if the prime p decomposes in 
the number field Q[x]/ {P12/) as a product of primes of degree 1 and 2, with degree 
2 occuring at least once. For p f Disc(Pi2,^), a property that all primes p satisfying 
Serre's criteria possess, we can verify this condition by checking whether P12/ has 
an irreducible factor of degree 2 over F^; this can be easily checked by verifying 

x''^ = x and xF ^x in Fp[a;]/(Pi2,^). 

Having done a computer search, it turns out that the first few primes satisfying 
Serre's criteria as well as r(j9) = mod 11 ■ 13 ■ 17 ■ 19 are 

22798241520242687999, 60707199950936063999, 93433753964906495999. 



5 The table of polynomials 

In this section we present the table of polynomials that is referred to throughout 
the article. 

Table 1 : Polynomials belonging to projective modular repre- 
sentations 







(12,11) 


3,12 _ 4^11 ^ 55^9 _ ^g5^8 ^ 264x^ - 341x6 + 330^^ 
- 165x^ - 55x3 ^ 99^2 _ _ 



Continued on next page 
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Table 1 - continued from previous page 



{k,i) 


Pk,i 


(12, 13) 


X + /X + 2X)X + / OX + i69x + ozx — lOZx — iZ4:OX 

+ 494a;6 + 2561x^ + 312a;4 - 2223a;3 + 169^2 + 506a; - 215 


(12,17) 


- 9x^^ + 51x16 - 238x^5 + 884xi^ - 2516xi3 + 5355x^2 

- 7225x" - 1105x1° + 37468x9 - 111469xS + 192355x^ 

- ziioU3x + i34(93x — i/3z3x — o0660x + 4(0o3x 

- 19773X + 3707 


(12,19) 


^20 _ 7^,19 ^ 7g2,i7 _ 38^16 _ 3802.15 + 1143,14 ^ 1121^13 

- 798x^2 - 1425x11 + 6517x1° + 152x9 - 19266x8 - 11096x^ 
+ i634Ux + 3/z4Ux + 300zUx — i/54ix — 4/443X 

- 31323X - 8055 


(16,17) 


xi« - 2x" - 17x1^ + 204x1^ - 1904x1^ + 3655xi' + 5950xii 

- 3672x1° - 38794x9 + 19465x8 + 95982x^ - 280041x6 

- 206074x^ + 455804x^ + 946288x=^ - 1315239x2 + 606768x 

-378241 


(16, 19) 


^20 1 ^19 1 c^™18 1 oo™17 1 ncn^lG i /(oon™15 i on/i/i/i™14 

X + X + 5/x + 38x + 950x + 4389x + 20444x 
+ 84018x13 + 130359x12 - 4902xii - 93252xi° + 75848x9 

- 1041219x8 - 1219781x^ + 3225611x6 + 1074203x5 

- 3129300x4 - 2826364x3 + 2406692x2 + 6555150x - 5271039 


(16,23) 


X + 9x + 4dx + iiDX — ioox — iooox + iUoox 
+ 59639x17 + 255599x16 + 308798x1^ - 1208328x1^ 

- 6156732x13 - 10740931x12 + 2669403xii + 52203054x1° 

+ 106722024x9 + 60172945x8 - 158103380x^ - 397878081x6 

- 357303183x5 + 41851168x4 + 438371490x3 + 484510019x2 
+ 252536071X + 55431347 


(18,17) 


xi8 - 7x17 + 17x16 + 17x15 - 935x14 ^ 799^13 ^ 9231x12 
-41463x11 + 192780x1° + 291686x9 - 390014x*^ + 6132223x7 
- 3955645x6 + 2916112x5 + 45030739x4 - 94452714x3 
+ 184016925x2 - 141466230x + 113422599 



Continued on next page 
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Table 1 - continued from previous page 



{k,i) 


Pk,£ 


(18,19) 


x^" + lOx^^ + 57a;i« + 228x^'^ - Seix^"^ - 3420^^^ + 23U6x^^ 

+ 88749,T — SSSbzbx — 1138/oox + lb2921Zx 
+ 13416014a;'5 + 7667184a;^ - 208954438x^ + 95548948x^ 
+ 593881632x5 - 1508120801a;^ - 1823516526x3 
+ 2205335301x2 + 1251488657a; - 8632629109 


(18,23) 


+ 23x''^ - 69x^1 - 345x'" - 483^1^ - 6739xi« + 18262xi^ 
+ 967152; — 349853a; + 2196684a; — 7507476a; 
+ 59547a;i2 + 57434887a;i^ - 194471417x1° + 5458074112;^ 
+ 596464566x8 - 9923877597x^ + 33911401963x6 
- 92316759105a;5 + 157585411007a;^ - 171471034142a;3 
+ 237109280887a;2 - 93742087853a; + 97228856961 


(20,19) 


a;^" - 5a;i^ + 76xi** - 247a;^^ + 1197a;i'* - 8474a;^^ + 15561a;i* 

- 112347x^3 + 325793x^2 - 787322x^1 + 3851661x^0 

- 5756183x'^ + z0865344x — 48001353x + 45895165x 

- 245996344a;5 + 8889264a;^ - 588303992a;3 - 54940704a;2 
-538817408a; + 31141888 


(20,23) 


^24 _ ^23 _ 2Sx^'^ - i84a;2i - 667a;2" - 5543^^^ - 22448x^8 

+ 96508x1^ + 1855180x1*^ + 13281488x^5 + 66851616a;i^ 

+ 282546237x^3 + 1087723107x^2 ^ 3479009049x" 

+ 8319918708a;io + 8576048755a;9 - 19 169464 149a;8 

- 111605931055a;^ - 227855922888^^ - 193255204370a;5 

+ i/DoooooUDz/a; + ii39U4Uoi5D4za; + iUoooU9o3z4z3a; 

+ 1500432519809X + 314072259618 


(22,23) 


- 11x23 + 46x22 - 1127a;20 + 6555x^9 - 7222xi*^ 

- 140737a;i^ + 1170700a;i6 - 2490371a;i5 _ i6380692a;i^ 
+ 99341324x^3 ^ 109304533x^2 _ 2612466661x^1 

+ 4265317961x10 + 48774919226x9 - 244688866763x8 

- 88695572727x^ + 4199550444457x'' - 10606348053144x5 

- 25203414653024x'^ + 185843346182048x3 

- 228822955123883x2 - 1021047515459130x 
+ 2786655204876088 
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